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The permutation group Sn is the group consisting of all possible permu-

tations of n objects, and therefore contains n! elements. Cayley’s theorem
states that any finite group G of n elements is isomorphic to a subgroup
of Sn. The term ’isomorphic’ essentially means that a group has the same
multiplication table as the other group.

We can prove Cayley’s theorem by considering the multiplication table
of G. Look at the row in the table corresponding to the identity, and suppose
that the elements in this row are arranged in the order {g1 = I,g2, . . . ,gn},
so that the first element g1 is the identity and the other elements are listed
in some order. Now look at the second row, corresponding to multiplying
elements by g2. According to the theorem about multiplication tables, the
elements in this row will also contain all the elements in the group, but re-
arranged in some order different from the first row. In other words, this
second row is just a permutation of the elements in the first row. The same
is true for all the other rows in the table, so every row in the table is a per-
mutation of the elements {g1 = I,g2, . . . , gn}, and therefore G is a subgroup
of the permutation group Sn. It’s only a subgroup, since G contains only n
elements and Sn contains n! elements.

Example 1. Consider the group Z4, consisting of the fourth roots of 1. Its
multiplication table is in Table 1.

By Cayley’s theorem, Z4 ⊂ S4. The second row in the table, where we
left-multiply by i, maps location 1 to location 4, 2 to 1, 3 to 2 and 4 to 3,
so corresponds to the permutation (1432). Similarly, the third row swaps

z1

z2 1 i −1 −i

1 1 i −1 −i
i i −1 −i 1
−1 −1 −i 1 i
−i −i 1 i −1

TABLE 1. Multiplication table for Z4.
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y1

y2 (1,1) (1,−1) (−1,1) (−1,−1)

(1,1) (1,1) (1,−1) (−1,1) (−1,−1)
(1,−1) (1,−1) (1,1) (−1,−1) (−1,1)
(−1,1) (−1,1) (−1,−1) (1,1) (1,−1)
(−1,−1) (−1,−1) (−1,1) (1,−1) (1,1)

TABLE 2. Multiplication table for Z2⊗Z2.

1 with −1, and i with −i, so we have (13)(24). The fourth row gives us
(1234). Thus

Z4 = {I,(1432) ,(13)(24) ,(1234)} (1)
We can confirm that these four elements constitute a group, since (1432)−1 =
(1234) and (13)(24) is its own inverse. The other products are (1432) ·
(13)(24) = (1234), (13)(24) · (1234) = (1432) and so on.

Example 2. The direct product Z2⊗Z2 has the table shown in Table 2.
By similar reasoning to Example 1, we see that

(1,−1) 7→ (12)(34)

(−1,1) 7→ (13)(24)

(−1,−1) 7→ (14)(23)
(2)

so we have

Z2⊗Z2 = {I,(12)(34) ,(13)(24) ,(14)(23)} (3)
Each of these elements is its own inverse, and the group is closed under

multiplication. For example (12)(34) · (13)(24) = (14)(23) and so on.
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